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Reflectionless Filter Topologies Supporting
Arbitrary Ladder Prototypes
Matthew A. Morgan, Senior Member, IEEE, Wavley M. Groves III, Member, IEEE, and Tod A. Boyd
Abstract—Modifications of the authors’ previously-published,
generalized, lumped-element, reflectionless filter topologies are
presented which remove the original constraints on the relative
values of its prototype parameters. Thus, any transfer function
which can be realized as the transmission or reflection coefficient
of a conventional ladder prototype may now be implemented in
reflectionless form — that is, having the same transfer function
in transmission but with identically zero reflection coefficient at
both ports and at all frequencies from DC to infinity, given ideal
elements. The theoretical basis of these modifications is explained,
and then tested via the construction of passive, reflectionless low-
pass filter prototypes that, in the prior topology, would have
required negative reactive elements. The results show excellent
agreement with theory.
Index Terms—filters, absorptive filters, reflectionless filters,
lossy circuits
I. INTRODUCTION
CONVENTIONAL electronic filters reject unwanted spec-tral content by reflection. Made with only lossless ele-
ments, their input impedance becomes almost purely reactive
in the stop-band, often with rapidly varying phase as a function
of frequency. Such reactive terminations are well-known to
interact badly with broadband and/or nonlinear components
commonly connected to filters in electronic systems, such
as mixers, multipliers, amplifiers, and Analog-to-Digital Con-
verters (ADCs). Mixers may exhibit enhanced generation of
spurious products [1]. Mixers and multipliers will almost
certainly undergo rapid changes in conversion efficiency as
a consequence of resonances at harmonics or idler frequen-
cies. Amplifiers may have degraded dynamic range and even
become unstable. Finally, an ADC will invariably generate
switching transients that may become trapped between itself
and the neighboring anti-aliasing filter, ensuring the very
presence of aliased harmonics that the filter was intended to
eliminate.
These issues have motivated a resurgence of research into
absorptive filter techniques in recent years [2]–[4]. In partic-
ular, the authors previously developed symmetric, reflection-
less filter topologies, which exhibit constant, purely resistive
impedance-matching at all frequencies — pass-band, stop-
band, and transition-band — from either port, given the
equivalent termination on the opposite port [5]–[11]. The
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Fig. 1. (a) Conventional ladder-topology, low-pass filter prototype having
reflection response Γ(ω) and transmission response H(ω). (b) Generalized
reflectionless filter topology having transmission response equal to Γ
(
ω−1
)
,
and (c) reflectionless filter topology having transmission response equal to
H(ω). The elements in all cases are labeled with normalized quantities.
culmination of that work resulted in the generalized topologies
shown in Fig. 1(b) and (c), first published in this most general
form in [12]. The labels represent element values that have
been normalized for both cutoff frequency and impedance —
thus, the inductors may be assumed to be labeled in Henrys,
the capacitors in Farads, and the resistors in Ohms, for a filter
with cutoff frequency of 1 rad/s.
The basis of these topologies is the conventional ladder
prototype in Fig. 1(a), having transmission response H(ω) and
reflection response Γ(ω). The prototype parameters, g1 . . . gN ,
may be found tabulated for a variety of canonical responses
(e.g. Chebyshev, Butterworth, etc.) in almost any textbook on
electronic circuits.
The topology in Fig. 1(b) is symmetric, and as such may
be understood using even-/odd-mode analysis. The even-mode
equivalent circuit (having simultaneous, identical inputs on
both ports, and thus incurring an open-circuit boundary con-
dition on the symmetry plane) reduces to a simple, terminated
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high-pass ladder with elements 1/g1, 1/g2, 1/g3, etc. —
in other words, a high-pass transformation of Fig.1(a). The
odd-mode equivalent circuit (having simultaneous, identical
inputs with opposite signs on the ports, and thus incurring
a short-circuit boundary condition on the symmetry plane)
reduces to the dual high-pass ladder, starting with a shunt
inductor instead of a series capacitor. The duality of these
two equivalent circuits is sufficient to guarantee that the input
impedance of the complete filter is constant, and given by the
normalizing, or characteristic impedance [6]. The transmission
response is simply given by the reflection coefficient of the
even-mode equivalent circuit, or equivalently the reflection
from a terminated, high-pass ladder based on the same list of
prototype parameters. For example, if the parameters g1, g2,
g3, etc. are taken from the tables found in numerous textbooks
for Chebyshev filters, than the transmission response of the
reflectionless filter shown will be that of an inverse Chebyshev,
or Chebyshev type II filter.
The circuit in Fig. 1(c) results from a high-pass transforma-
tion of the circuit in Fig. 1(b), where the the original output
port is terminated and instead the output is taken differentially
(using a balun transformer) from the position of the previous
termination resistor on the input side. The constant-impedance
— or equivalently, reflectionless — property is preserved,
however the transmission response is now the same as that
of Fig. 1(a) (e.g. a Chebyshev type I filter, if said prototype
parameters are used).
II. NEGATIVE ELEMENT MITIGATION
The reflectionless topologies in Fig. 1 have one major short-
coming, however, which is that the odd-numbered prototype
parameters must be greater than or equal to the adjacent
even-numbered parameters, lest some of the elements become
negative — such as the grounded capacitor in Fig. 1(b) labeled
2/(g1 − g2). In the case of a Chebyshev filter, this constrains
the ripple factor, ε, for any order N such that
ε ≥
√
e4 tanh
−1(e−β) (1)
where
β =
√
1
2 sin
(
pi
N
)
tan
(
pi
N
)
(2)
Butterworth filters (which may be considered a limiting case
of the Chebyshev filter as ε→ 0) are entirely excluded by this
constraint.
A. Negative Element Identities
The key to solving this problem lies in recognizing that
the negative elements do not appear in isolation, but rather
are embedded in the filter with other elements that render
the ensemble passive. It is thus possible to substitute an
equivalent, all positive-element subcircuit for these groupings
which preserves the behavior of the overall filter. Consider
the two circuit identities shown in Fig. 2. In each case, a
1:1 transformer is wired in a current-inverting configuration
(equivalent to a –1:1 turns ratio) and cascaded with a single
impedance element, either series or parallel, and equates to a
transformerless tee- or pi-network where the central element is
1:1
z –z
= z/2 z/2
1:1
z = –z
2z 2z
Fig. 2. Two transformer circuit identities which are useful in eliminating
negative elements. Note the dot convention signifies a current-reversing
orientation.
negative. Take, for instance, the first circuit having an element
in series with the transformer. The ABCD parameters of the
cascade are given by(
A B
C D
)
=
(
1 z
0 1
)(−1 0
0 −1
)
=
(−1 −z
0 −1
)
(3)
Converting this to an admittance matrix, we have
Y =
1
B
(
D BC −AD
−1 A
)
=
(
z−1 z−1
z−1 z−1
)
(4)
which is easily recognized as a pi-network with z/2 in the
shunt branches and −z in the series branch. Similarly, the
ABCD parameters of the shunt element in cascade with the
inverting transformer are(
A B
C D
)
=
(
1 0
z−1 1
)(−1 0
0 −1
)
=
( −1 0
−z−1 −1
)
(5)
and the equivalent impedance matrix is
Z =
1
C
(
A AD −BC
1 D
)
=
(
z −z
−z z
)
(6)
which is clearly equivalent to a tee-network having a parallel
element, −z, with series 2z elements.
B. Parallel Branch Replacement
The first of these identities is useful for getting rid of
the negative elements which appear in a three-element ring
(comprising inductors in the low-pass prototype of Fig. 1(b)).
Since the elements surrounding the negative one in the ring do
not have exactly the right value to apply the identity directly,
we must first break them down into parallel components,
as indicated in Fig. 3. For this example, we assume that
gk < gk−1, causing the element in the original topology
labeled 2/ (gk − gk−1) to be negative. After the identity is
applied, we are left with only positive elements.
C. Series Branch Replacement
The other place in which a negative element may appear
in our original topologies is in one of the series branches
along the center line, such as the grounded capacitor labeled
2/ (g1 − g2) in Fig. 1(b), where we assume g1 < g2. Appli-
cation of the identities in Fig. 2 is made more difficult this
time by the fact that the negative element and its stabilizing
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Fig. 3. Sequence of steps required to eliminate the negative element in a
three-inductor ring (gk < gk−1).
counterparts — the 1/g2 capacitors to the left and right of the
center line — are not even directly connected to each other.
To resolve this, we note that there is no ground sink
anywhere in the circuit below these series branches. Thus,
any current which flows up through the center line must be
balanced by currents flowing down through the left and right
branches, as illustrated in Fig. 4(a). We may thus introduce a
pair of transformers, as in Fig. 4(b), to hold this condition
when we make topological changes in the next steps. In
Fig. 4(c), we move the outer two capacitors from one side
of the adjoining transformer to the other, thus collecting all
the capacitors into a tee-network in the middle. That, then,
allows us to apply the second transformer-identity from Fig. 2.
As before, the element values do not have the necessary
impedance ratio, so we must first split the capacitors into
series elements (not shown). The result, after application of
the identity, is given in Fig. 4(d).
In principle, we could stop here, as we now have an
all-positive equivalent circuit. Some optional modifications,
however, may be made to further improve performance in
practical cases where the transformers do not function down to
zero frequency. In circuits such as Fig. 1(b), the floating part
of the circuit below the series capacitors is active only in the
stop-band. To improve the isolation of this part of the circuit
in the stop-band, despite degradation of the transformer action
in this regime, we may move the residual series capacitors
back to the outer branches, as indicated in Fig. 4(e). We may
also rotate the transformers as shown in Fig. 4(f), which has
no effect in the ideal case but provides better isolation given
realistic transformers at low frequency.
Note that these last two changes make the most sense when
the circuit is low-pass, and conforms to the style in Fig. 1(b). If
a high-pass transformation is applied, or if the style in Fig. 1(c)
is used, it may be best to omit them.
III. SPECIFIC FILTERS AND EXPERIMENTAL RESULTS
Which particular groupings of elements will require the
substitutions outlined in Section II will depend, of course, on
the values of the prototype parameters, which in turn depend
on the particular filter response that is desired. The technique
for negative-element mitigation presented in this paper has
made possible a much wider variety of responses than we
could previously access in a totally reflectionless topology.
Several of those newly achievable responses will now be
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Fig. 4. Sequence of steps required to eliminate the negative element in
three series-capacitor branches, when gk < gk+1. (a) Illustration of current-
summing in center branch. (b) Introduction of transformers to hold the current-
summing condition during the following steps. (c) Transfer of outer capacitors
to the inside. (d) Application of inverting-transformer identity. (e) Optional
relocation of the residual series capacitors back to the outer branches. (f)
Optional rotation of transformers to improve low-frequency isolation.
discussed. Test filters which were constructed to verify the
theory will also be presented.
A. Deep-Rejection Chebyshev Type II Filters
For Chebyshev filters just beyond the ripple factor limit in
(1), we have g1 < g2 and, by symmetry, gN < gN−1, but
everywhere else gk > gk±1 where k is odd. Thus, only the
first capacitor group and the last inductor group in the odd-
order low-pass prototype need these substitutions.
The final topology for a seventh-order, low-pass, reflection-
less Chebyshev type II filter with ripple factor lower than the
limit in (1) is thus shown in Fig. 5. The theoretical response
of such a filter is given in Fig. 6 for several ripple factors.
One may discover that as the ripple factor for this filter
decreases below ε ≈ 0.2187 (the previous limit) the next
pair of adjacent prototype parameters, g3 and g4, approach
one another in value. At ε ≈ 0.08191, they become equal,
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Fig. 5. Topology for a seventh-order, low-pass, reflectionless Chebyshev type
II filter with ripple factor less than the limit given in (1).
-40
-30
-20
-10
0
0 1 2 3 4 5
s 2
1
(d
B
)
Frequency, ω
s11 (dB) = –∞
Fig. 6. Normalized frequency response of the reflectionless, Chebyshev type
II filter topology in Fig. 5, where the ripple factor varies from ε = 0.2187
to ε = 0.01891.
and below that threshold new negative elements appear in our
topology. This can be addressed with additional substitutions
of our equivalent subcircuits, however the stop-band rejection
for a type II filter at this point is approximately 34.5 dB, which
is sufficient for many applications. It is convenient, in fact, to
realize a reflectionless filter at this specific ripple factor, since
two of the elements become infinite and therefore vanish —
the infinite capacitor, 2/ (g3 − g4), being replaced by a short-
circuit, and the infinite inductor, 2/ (g5 − g4), being replaced
by an open circuit.
This is the approach taken for the prototype test circuit
presented in Fig. 7. For simplicity, we have implemented this
filter at a fairly modest cutoff frequency, with its stop-band
corner at about 1 MHz, where discrete, surface-mount lumped
elements and quality transformers are most readily available,
but scaling to higher frequencies is straightforward so long as
the needed elements can be fabricated. Further, in keeping with
filter theory traditions, we have limited our initial exploration
to a low-pass design, but high-pass, band-pass, and band-
Fig. 7. Photo of reflectionless, deep-rejection, Chebyshev type II filter.
stop responses are clearly obtainable using the well-known
frequency transformations.
The inductors utilized were the 1812FS series from Coil-
craft, with 5% tolerance, the capacitors were KEMET’s C0G
ceramic capacitors with 1% tolerance, and the transformers
were model TC1-6X+ from Mini-Circuits. In some cases,
inductors from the original topology were split into series pairs
so that the desired values may be more easily realized using
the available parts.
The response of this filter is shown in Fig. 8(a), along with
the modeled results (dashed lines) after incorporating the pre-
dicted nominal parasitics. Note that the reflection coefficient
is better than –15 dB in the transition band and is nearly
–30 dB for most of the stop-band. The departure from the
modeled return loss below 500 kHz is believed to be an artifact
of the measurement, as the vector network analyzer (Hewlett
Packard model 8753D) loses sensitivity at the bottom end of
its frequency range.
As a seventh-order design, the low-pass Chebyshev type II
response should nominally have three finite-frequency trans-
mission zeros, as indicated by the dashed line in Fig. 8(a), but
one of these has nearly disappeared in the measured s21 curve.
A sensitivity analysis based on the advertised tolerance of the
elements, shown in Fig. 8, confirms that this is within the
expected range of random variations for this implementation.
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Fig. 8. (a) Measured performance (solid lines) of the deep-rejection Cheby-
shev type II filter compared with the model incorporating nominal parasitics
(dashed lines). (b) Yield analysis showing expected variations with element
tolerance.
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Fig. 9. Two possible topologies for a fifth-order, reflectionless Butterworth
filter.
B. Butterworth Filters
As the ripple factor approaches zero, the Chebyshev re-
sponse (whether type I or Type II) approaches that of a
maximally flat, or Butterworth filter, valued for its monotonic
response and smooth group delay. Interestingly, this admits
two different topological solutions for the same reflectionless
response — that based on the reflection of a ladder prototype,
as in Fig. 1(b), and that based on the transmission of a ladder
prototype, as in Fig. 1(c). The final topologies for a fifth-order
Butterworth filter, after the required substitutions to eliminate
negative elements, are shown in Fig. 9.
Though equivalent in principle, these two topologies are
hardly equivalent in practice. As a monotonic filter, the stop-
band rejection of the Butterworth is designed to increase
without bound as you move further away from cutoff. For the
topology in Fig. 9(a), having only one series element between
the two ports, the highest levels of attenuation can only be
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Fig. 10. Yield analysis applied to (a) topology in Fig.9(a) and (b) topology
in Fig.9(b), with 5% standard deviation element variations.
achieved if the remainder of the circuit shunts the two ports
to ground and cancels out the series element with a carefully
tuned negative susceptance. The latter condition is especially
sensitive to small element variations.
The topology in Fig. 9(b), however, is much more robust,
since attenuation is achieved by a cascade of many series
and shunt elements, much like the original ladder prototype.
Small errors do not have such an impact on the stop-band
response. To better illustrate the difference, a yield analysis
was performed on both topologies where the element values
were allowed to vary with a 5% standard deviation. The
results, plotted in Fig. 10, are a striking illustration of the
comparative sensitivity of these two models to lumped-element
values. On the other hand, the common-mode rejection of
the output transformer/balun in Fig.9(b), not included in this
analysis, is critical to deep stop-band performance.
The topology for a seventh-order Butterworth filter is given
in Figure 11(a). A total of four negative-element identities
have been applied, two of each type described in Section II.
A test circuit constructed using Coilcraft 1812CS inductors
and Mini-Circuits T1-6+ transformers, this one tuned to 10
MHz corner frequency, is shown in Figure 11(b).
The measured performance is plotted in Figure 12. Note that
it achieves stop-band rejection of about 60 dB, with return loss
better than 15 dB up to at least 70 MHz. Although noisy at
this level, the 60 dB attenuation is not simply instrumental
error, but rather it was predicted from the parasitics of the
transformer used, as indicated by the dashed line. The pass-
band group delay is also given in the lower left of the plot
(but on the right-hand scale) to illustrate that the transmission
response of this filter is exactly the same as what one would
achieve with a conventional (reflective) Butterworth filter,
including the desirable phase characteristics in this case.
C. Legendre-Papoulis Filters
Thus far, the canonical responses that we have examined had
prototype parameter lists that were symmetric about the center.
As such, the substitutions for negative element mitigation
always came in pairs, one each of the two types described
in Section II. Now let us look at a response whose prototype
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Fig. 11. Seventh-order Butterworth reflectionless filter (a) topology and (b)
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Fig. 12. Measured scattering parameters and group delay of the reflectionless
Butterworth filter. The modeled transmission coefficient is shown in a dashed
line.
parameter lists are not symmetric, namely the Legendre-
Papoulis or Optimal-L filter [13], [14]. Like Butterworth, they
are monotonic in the pass-band (but not maximally flat) and
have the steepest transition for any monotonic filter.
The prototype parameters for Legendre filters of a few
orders are given in Table I. In every case where k is odd,
we have gk > gk±1, except for k = N . Thus, one negative
element appears in the basic reflectionless topology, and must
be replaced with an all-positive equivalent. The resulting filter,
where N = 7 for illustration, is shown in Fig. 13.
Legendre-Papoulis filters are considered a compromise be-
tween Chebyshev and Butterworth, having steeper transition
TABLE I
PROTOTYPE PARAMETERS FOR LEGENDRE-PAPOULIS FILTERS
N g1 g2 g3 g4 g5 g6 g7
3 2.1801 1.3538 1.1737
5 1.9990 1.5395 2.0672 1.4780 0.9512
7 1.8640 1.5895 2.1506 1.7270 1.9394 1.4770 0.8394
From: C. R. Bond, 2004 [14]
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Fig. 13. Reflectionless topology for a seventh-order Legendre-Papoulis filter.
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Fig. 14. (a) Performance of reflectionless Legendre-Papoulis filter (thick line)
compared against Butterworth (thin line) and Chebyshev type I (dashed line).
(b) Detail of pass-bands.
than the latter while staying monotonic. A plot of the fre-
quency response of our reflectionless Legendre-Papoulis filter
using ideal elements is shown in Fig. 14 with a thick line,
compared to a Butterworth (thin line) and Chebyshev type I
filter (dashed line). Note that the Legendre filter has nearly as
steep a transition as the Chebyshev filter with 3 dB ripple, but
is monotonic. On the other hand, as the pass-band detail in
Fig. 14(b) shows, it has uneven slope in the pass-band that is
worse than the maximally flat Butterworth.
To illustrate the practicality of this topology we have con-
structed a test circuit, also tuned to 10 MHz corner frequency
like the Butterworth, and using similar parts. The circuit board
is shown in Figure 15(a). The predicted stop-band attenuation
was 60 dB, much like the Butterworth filter of Figure 12, but
in this case a parasitic resonance at about 54 MHz disrupted
the stop-band. Experimentation suggested that this could be
caused by stray electrical coupling between the legs of the
transformer package and adjacent components. To resolve the
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Fig. 15. (a) Prototype reflectionless Legendre-Papoulis filter without and
(b) with electrical shielding around inverting transformer pins. (c) Measured
performance. The modeled transmission coefficient is shown with a dashed
line.
issue, copper tape was applied over the inverting transformer
pins as shown in Figure 15(b) (the thin adhesive layer on the
copper tape was sufficient to prevent this from creating an
electrical short). The measured performance with and without
the copper tape is shown in Figure 15(c).
D. Even-Order Filters
Perhaps more of academic interest than practical is the fact
that the mitigations presented in this paper also allow even-
order responses to be achieved in reflectionless form, where
only odd-order responses were possible before. Referring to
the ladder prototype in Fig. 1(a), an odd-order response may
be realized by setting the final (odd-numbered) element to
zero. This invariably leads to a negative difference in the final
grouping of the original topology, which we now know how to
mitigate. We thus arrive at the topology in Fig. 16(a), where N
is now even. Of course, should any of the remaining elements
of the filter become negative as a consequence of the relative
prototype parameter values, the same substitutions described
in the previous sections may be applied.
For many canonical responses, such as Chebyshev, the
output port termination of the even-order ladder prototype does
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Fig. 16. Even-order reflectionless filter topologies where the prototype ladder
is terminated with a resistor of (a) unit normalized value and (b) non-unit
normalized value.
not have unit normalized value, having instead some other
value which is conventionally labeled gN+1. This requires a
small modification of the topology, illustrated in Fig. 16(b),
which allows the even- and odd-mode equivalent circuits
to have dual-valued terminations. Note that the bottom-most
resistor in this configuration could be negative if gN+1 < 1,
but the three resistors are arranged identically to the inductor
sets above, and the same identity in Fig. 2 may be applied.
Once again, to prove the theory, a test circuit was con-
structed and is shown in Figure 17(a). The measured results
are shown in Figure 17(b). Although similar on the surface to
the seventh-order Chebyshev filter in Figure 6, its stop-band
asymptotically approaches the ripple level at high frequencies
instead of returning to a transmission-zero at infinity — in
practice, of course, neither will be the case as the response
at very higher frequencies will succumb to the dominance of
parasitics.
IV. CONCLUSION
This paper has presented novel lumped-element filter
topologies which are capable of implementing the same trans-
fer functions as those that are achievable using conventional
ladder prototypes — either in reflection or transmission —
only now in transmission with no reflection whatsoever, from
either port or at any frequency, given ideal elements. Many of
these transfer functions were previously inaccessible by the re-
cently developed reflectionless filter topologies as they would
have required negative reactive elements, but the substitutions
presented in this paper provide a way of eliminating those
negative elements. Several test filters were made realizing
Chebyshev, Butterworth, and Legendre transfer functions, with
excellent agreement between measurement and theory.
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